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Ge   i--e  E.   Dan^ifle 

■4 

•i 

■n 

■'I 

i•  INTRODUCTIGW 

T'.t  r j-nia*:l> r-.t  ol   *  matr.cfr.at.lra 1   Tfie^r^     f  "^amtB   -f 

BirHte^j"   wer«   lul'i   by  J.::n   .en  Htwunn   betweer.   1^2b  ana     ,"•!.** 

Tr.e  ^u^iicatlon   In   i^4**   ,,!   t;.«   c^-k   MT:.«   ry  o:   Ga^.es  and   Hccn'mlc 

Be-i\:.;"   DV  vwn  Neu am.  anu W-Tt:en8iem   cil^ftxtd   rr.lF  plcneer!:./ 

els it       i  e   ' ! rat   fan     r  tnis   .   . .--.e  Iz  ccrremed  wl-r,  ccmee 

wl-r.  ■    f'nl'e  namber     f  pure  8lra,'ef,ee  with. ;>artl ^u-ar ompnaels 

n   tne   "'.er —e^r.   lw!>—per»'n"   type     f   ga-ne.     There   It   !8   snwn 

i'        '. n ji.hL   lri8t-n.eo  a  player   18  at  *  diced/.intake  11   he  ainaye 

piay»   tne  eanje   pure   str^.e^j   f»n i   t:.at   It   '8  belter  to   "rr.lx*  hie 

■t  .rtr   Btrate^lefc   by   » me   nriance device.     Tl.e  a^artln^  pelt^t    .f  all 

^   !-.ra'   uü     .'"   -'.la  l>pe oi   evtme   '. r   ^ne  .eleirnted   "Main T^eoreB" 

"  Ml.»--Max  T.'.e'Tem  wnicn  1B     iicen.ei  *lin existence   -ind pr^pertle» ''* 

.  ** 

.U:X.*,
1J   a*, r&'-e. 1«Jö   :.:   L .h  ere 

. • e r»t   ( r ;v * ^     '   1.1.s   i.'a^p^,   ^1 .-en  t.   v ,n  We^ann,   T.§ ie 

r*.r   .«»r    '.r,v    ..el   JBC      *    ur   .-/.>,    r.:..'.:   ru-:   ^icil-B.    ^nd   !*.xe.1 

.•.::.••..•,?   reTift     :    L •   - ■   J     hr    :**r .      T  e   . 1 rnl   ;.r  ^T   . f   an 

^ 

*v 
^ inrr.f: * • • 

.'. .e 
I r eü   er 

■•,     »«r  *'IB f 1 '-en    :    ; V! . .#,   . )>'■       I .e   v- n  üeumartn- 

/ .    <    ' .    t',e   p if;    ■,»• 'ifcv.ri^   0    . :'^   *    wJ.l    '     ' B 

,«•»   ult-n.;   iM-'.ie: . r^             M-r^ec   t: e   l'.emft  of 

:    M'.H:.*?   t     e/   '♦•r-v 1 .•    . .-K    .eiweFP   t     M<»»   in 
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•Imtnttrlsatlcn further [i].    At thlt l«t«vdat« th«r« ttill 

contlnu«t to bt a nt«d fcr a truly «Itaentary proof;  for «xcapl»».^ 

tht rfc«nt book of Ncllotty en g^ara theory  [}} omitted a »elf- 

KU* 

•ontalned proof becaust none «aa available. 

Kuhn [?] In  hi a "Lecturea on the Theory of Gaaes" gives a* 

blbllography of eome of tne better known pru^fa of the Mln-Nax. 

Theorem, together «1th a dlacuealon of tnelr general character- 

latlca «hieb be broadly ciaaalflee Into (1) those baaed on 

separation properties of convex sets and (?) those using so«« 

notion of a fixed point of a trenaforvatlon. Kuhn In [2] and 

NoKlnaey in [}] provide proofs along the lines of von Neuaann 

[l] based on a separation theofe«. Dreaher in [h]  gives a self« 

cuntalned proof along tne linet cf Ville. Aa «as pointed cot 

In Weyl [3] . the mn-Nax Tbecrea is completely algebraic and 

should be given an algebraic proof. The purely algebraic proofs, 

«nen aade aelf-oontained and eleaentary, appear to be quite loag^ 

&], W, [3] 1 and, with the exception of Weyl's proof fe] > Mice 

use of non-algebraic concepts as the ■ininiBi of a continuous   y 

function on a closed bounded set is assumed on the set. All  * 

these prooff are either pure existehee proofs or, frosi the 

viewpoint of practical coaputatlons, non-constructive. 

Tht present proof has the following ftatirta:  It Is pureljr ■^'S 

algebraic (in the spirit of Weyl) and elementary in the sense  ,;, A 

that It utsd notr.ing «or« advanced than the notion of an inverse '*£: 

of a matrix.  It la snort, eelf-contalned, and non-lnductlva.    ' £ 
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Th« vtry natur« of tht solution,  if <ltair«dt  ccjid b« uMd to 

advantage to tatablitri wall-icnoim thaoreaa regarding tht ttructom 

of the data of cptlmai atrataglte.    It Is a sptclal adaptation .-.••?* 

lor ganaa oi   tha slmpiai natnud usad fjr solving Xlnaar 

prograauiln^ proolaas  [6]-      Ac aucn,  It provldas perhaps the 

«-at efficient meant currently available for explicitly 

coustructing optimal mlxej strate^lea fjr ootK players. 

' < 

THE WIN-HAI THEORgH 

It   'as  been f^und convenient  In a part of  tne proof tc 

mpctre   jercaln  vectors  "iexlcogrd^hlcaliy .*'    T.te  tens le 

arrowed  fr-a an alphabetically   ordering of words   (as In a 

ul-il   risry).     Tnus a vectci   A  le greater than B  (written A > B) 

if u.e  flret  com^ nent.  .f  A  is greater tnan the  first   :^apcnent 

f  B.     If   '.ne first   c.mponents   .re  the same,   tnen the second 

.  sp.r.ente   ire   .   rap^red.  etc.     T^   oe i^re precise we say A > B 

1!   »'- - B]   > v..   ».rere oy   (A - Bj   > r> la meant   chat   (A - B>   nts 

n n-zer       >.T.n'nen-£,   '.ns  flrsi     f   r'.'.lcri  le   p  sltlve. 

^•t   [ö. ,j   te  t ,e payoff  tit orix    !   a  finite  zero—ajm  two- 

pera  ;.  ►.•re   »e-r*  h       la  L:.e   pay.M    t)  Pinyer   I   (t/.e  majilmlzlng 

, ijytr)   wren   P   .yer   I  p^iyt   , -ie   atr-'t^^y   1    i.-. i   Flayer II   (the 

^1   ,erj  i.**j*   ; -re   «»r.ve^y  J.     Px xyer  I   (In '>rder 

K   .ir -J 

«^ 

l^if*-   r.  r   p-rate^y   •■«-■::, .n:      .*."/   i.n^^aes  a mixed 

Tnat   :.•»«  slm^.ex me-r_ •:   Kseif  ^  uld  oe   jf.e^  t-  ür.^ve  t.he 
Klri-R-x  The:Tem  was  first  pdnied   . .t  by D« rfxan   (ani H.   Rubin) 

Tr.ln   rape:,   by   Inc   rp^riiln,;  netrwda   fv r   av^ldln^     legeneracy 
.•n^ Um in  U.e Elapiex  ai.jrlihm   Xj,   p-ts  trje  pn-f  on 

* •» - v   r l, -i   -e   f ;ur»0'.- tl   •: 

.r.    ■ M ^jy^.x 



•tpattg> U1, ji2, •••, j^) mhTm x1  is tht probability of playing 

•trstagy 1; accordingly, Flayer Z*M  axpactad payoff baeoaaa 

(2 ai.x1) if tnt mlnlalilng playar playa pura strategy J. If 

Player X'a alxad strategy is found out he can expect that Player 

will choose J such that £ a. 4x. is lainlaum. Thus, Player I 

Mishes to choose his x. such that the smallest such sun (which 

«e Mill denote by x0) If a maxlata. For slallar reasons the 

Player II cheeses a »ixed strategy y., y«, •**, y such that tne 

largest svan 2.  ^t .J* (denoted by y0) is mininu«. The Win Urn 

Tnei re« atates that there exists a choice for Player I of x. • x- 
A 

and a choice for Player II of y. • y. such that tne corresponding 

x • x is the Baximua value for xc and the corresponding y0 ■ y0 

* ** 

is tne nlniBUB value for y and, moreover, xo 
A 

The conaon 

value of x    und y    is knosn as the "value" of the gsae. 

To establish this result «e shall consider,  as Is often 

dene, a related  linear Inequality problem.    Let x^ and y , 

satisfy the system of relations 

(1) 

(2) 

(3) 

*l > 0' 

i x. 
i-i 

(i-l,•••,«); (M yj > 0' 

• it) 
n 
ly    - l 

J-i J 

(>!,•••,n); (6) * »l^J ^ y 

(>l.*-*.n); 

(1-1. 

If MS multiply (5) througr» by any y. satiafylng (4), (5), and 

(6) and sin «Itn respect te J; similarly multiply through (6) by 

any x1 satisfying (l), (2), (3) and sum with respect tc i. one 

J*'**, 



mtJ t» * 

obtains iBOMdlattly 

(7) Xo J ^ - 1 J 'i*1^ £ yo J 'l " y< 

•o that tht lowr bounds x    na#er txcaad tnt uppsr bounds y  . 
Ü 

Ws snailt  nowsvsr,  construct a solution x.   ■ x.  and y.  • 

wltn ths property that 

A 
y 

4'' 

(8) 
A 
X, 

A 

y. 

In particular (7) holds for y0 and any x0 and also for x snd 

any y . It follows, thsrsfors, that *0 £ y0 " x0 < y0 *nd 

* y.". 

(9) 
A A 
x„ • Max x_ and y^ « Nln yn O 0*0        *0 

and ths Hin Wax Thsorsa would bs dsaonstrstsd. 

3.  aggg OF TMB HIIMUX THgQRBM 

Ws shall bsgln ths proof by augmsntlng ths matrix of ths 

gams a., and ccnaldsr ths matrix 1J 

(10) 

1   .   .   .   1      0  .   . 

A all   •   •   •in  1 

1 

1 ttml   *   •   a*n 0   * 

Tns coluans of thla matrix will  b© danotsd P0;   Pi,   •••,  P^; 

- U   )  where IL   ars unit vsctora wltn  i m i 

In ths   (i   f i)it    componsnt.     It win  he oonvsnlant to arrangs 
<pn*l ""l»'   ■•'   (Pn«. ' "-' "    ••    » 

T 

' -«- 



tfM row« of tht Mtrlx such that 

(11) a.l * "J* aU 

Ltt 1 (which wt »111 call a bails) b« a subset of (»fl) 

column« of (10)  (including fQ as first coiunn) which, consldarad 

as an IH>1 tquar« natrlx.  Is non-singular and 1st tht rows cf tht 

inytrtt of B bs dtnuttd by Pi whsrt 1 ■ 0,  1,   •••, w.    Wt shall 

furthtr rtqulrt that B.   to bt a basis, have tht proptrtj that 

tach rot (txetpt 1 ■ 0) of tht invtrss cf B havt Its first 

non-stro conpontot posltivt.    Thus ws art assuming In tht 

Itzleographle stnst that 

(12) ^ >o (1 - 1,  2,     ••, ■) . 

For txamplt, wt may ehoost B « B as consisting of tht first 

tire columaa of (10) and tht unit /tctors U^, •••, V^y Thl' 

ntar identity 

Bo " CVW'-'VlJ • C'o' fV 'n*a'--'Pn^-J 

Is obviously non-singular and posstssts a  simp It Invtrss 

(13) B -J 

a nl 

Vl 

0 

0 

i 

0 

0 

0 

0 

I 

0 

0 

-1 

0 

-1 

-1 

^.'t^ufr 
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-?'• -i-Jr; V " ;• ^r%! 

wh«r« b1 - a^ - «11.    Because of (ll) It follow« that ^ ^ 0 

and our sptelal itxlcographic attfuaptlon (12) holda. 

Lat th« columna of a ganeral baalt ba danotad by 

U^) 

and nota that 

»-CVj.-.pj 
. /^ 

.at tha condition* ß^,   - 0 for 1 ^ k and ß^.    - 1 

for 1, k - 0. 1,  *-, a (J0 - 0) auat hold batwaan B and Ita 

Invaraa.    Tha O-row of B"    la asad to computa tha aoalar quantltlM*1 

Po*3 for J " 1» 2'   • •*, n,  • ••, n ♦ m.    Ha ahall no» prova \M 

Thaoram 

(15) 

If for all J«l, 2,   •••, n -f a 

%'js0 

.-1 than tha saaponanta of tha O-row and O^ooloan of B     yiald tha 

raqalraci optlaal atratagiat. 

Proof.    Danota tha eoaponanta of tha O-roM of B     by 

(16) " 1^01  ~*2»   » "^Sa^ ' 

.-I tha eoaponanta of tha O-column of B by 

(17) {vV-U 
wa ahall no« ahow that an optjaun mixad atratagy for .Playar I 

la cbtalnad by aattin^ x^  • i^  for 1 - 1, 2, ••*,■; and ona for 
r 

-^ *   *    .. * *'.kin 



Playr II,  by ettting y       - y       for J4   < n and y,   - y, - 0 
Ji J^ * ■       J J 

for all othtr J  < n.    Mortovtr,   tn« vaiut of th« game  U x    * y 

Ind««df  for Playtr I,  It Is «asy to verify tne condition 

0O?O - 1 Is th« aut aa  (2); Boreovar, ßof. < 0 for 1 < J ^ n 

ar« the ataa as  (3)» whlla for n-fl < J < tmn tnay ara tha aana 

aa (1).    for Playar II,   tha la*lcograpiilc property of the rows 

of B~ ,  naaely ^ > 0 for 1-1,   ••*, m Impllea that t;.e first 

coaponant of ß^  (which by definition la y,   )  la non-negative; 

thua,   (4) la satisfied.    Multiplying B on the right by O-column 

of B     yields (■+!) linear expressions In  (y  . y4   ,   •••. y.  ) 
0  »'l      Jm 

which may be equated to unit vector U . 

The first of these (■+!) linear equations yields (3) since 

the 1  coaponents of P. are unity for 1 < J. £ n and zero 

otherwise. Tha remaining ■ equatlona yield tne Inequalities (6) 

If tne terns Involving J*> n are dropped (the latter are 

non-negative because y, > 0 and ti.eir coefficlenta are the 

coaponanta of the unit vectors Pn4>1)« Finally, tha proof is 

coaplated by noting that (b) or x^ » y nolds since both are 

defined In (16) and (17) as the (0,0) element »f B*1. 

Constructing an Optlaal Baala 

It Is clear now that the central probla« Is one of 

constructing a basis B with the property tnat p0F.  < 0 for 

J • 1, 2, •••, n-Hi alnce this In turn yields an optimal mixed 

strategy for each player. We ahall show that If some basis B, 

r .^ 

LJLJ 



^.""yWT? 

Much M Bo,  doti not havt th* r«quliit» property  (l^),  then It 

If «aty to construct fron B a naw basis B* which differs froa 

B by only one column «there O-row of B*  (whlor. «e denote |>y ß*) 

has  the property that 

I.e.,  the first aon-xero co»ponent of  (ßo - ß*)  Is positive. 

If  the new basis B* does not satisfy (13)  then tne algorithm 

Just outlined for B Is Iterated, «1th B replaced by B*, etc. 

This process generates a sequence of baaes which terminates wnen 

a basis Is obtained that has  the required property.    Tnls nust 

occur In a  finite number of steps since the condition  (18)   Is 

a strict  Inequality which insures that no basla  can be repeated 

and the number of different baaes cannot exceeu the number of 

ways of cfiooslng m columns uut uf n-fm from (10).*    The O-coliitan 

of successive bases of the Iterative process may be interpreted 

as a succession of improved mixed strstegies for Player II for 

which hia expected loss, y0>  if his opponent is playing optlmally^ 

is decreasing to a minirovsa.     Indeed,  the components of the first      ? 

column of an/ bssis (as in  (17) snd sequel)  satiaTy (4) and  (3)     < 

independently of condition (lb), while yo,  the first component 

of  ß0,  is  non-increasing fror   basis to basis by virtue of  (18). 

v.v 

*In practical computations with tne simplex metfioa, of which j| 
this is a variation, the number cf iterations is usually very small«^ 
In a gamte oaae waere, say. m/2 of pure strategies are used with /*jfl 
positive prf bablllty in an optimal mixed strstegy, something in ^^ 
the order of m/2 Iterations might be expected before an optimal 
taals la obtained. 

^■'d^tLkkl^^SLlkäb 
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To construct B# fro» B let Pi denott tht colann of (iO) 

which r«placte tht r  coluan of B wtmrm  P and P. ar# 

dateivlnad by tha following rules: Choosa P such that 

W        ^oPs ' *** Po*:  > 0 '        (J - 1. .-•, n-H«) . 
j 

In oast tha cnolct of a Is not uniqua,  than chooae s «1th tha 

anallaat  Indax satisfying  (25).    Naxt,  coaputa tha column vactor 

V aatlafylng BV It is claar that cooponants of 
v - K' 
(20) 

v1,   ••• ' VB} lir# ^ivan by 

,  «) 

«hara, In particular v » ßo^a ^ ^ from (19)« We now chooaa to 

drop frum B that column P. auch that tha laxlcographlc minimum 

or tha vact^ra (l/v1)ß1 for v. > 0 la attained for 1 - r. Thua 

{21) U/vr)(3r - ninii/wi)ß1 (vr > 0,   v1   > 0) 

wnere   I,   r f 0,  and where  It  la aea-jraed for tha moment  that 

tr.ere  la at  leaat one v.   > 0.    The minimizing vactor la aaally 

oct*lned  in practice by finding the vector wnüaa flrat component 

la the leaat;   ii   there la a tie,  then one paaaaa to the second 

componenta of trie tying vectora and aelecta the  leHst, etc.     A 

relation which will  be uaed  later that followa  from  (?l)   la 

. *i 

*T 

(2?) p1  -   (v^Vj.)^ > 0 (v1  > 0)   . 

.-r-. 
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ü 
eoüttMtton of th* othdv ^lu^ V.r^liM^wr.'i^^iaaiaWf. 

MM itft til tmrn oth«r tt*iiye*9. »^ «»utji • v^^iv» li^ 

* eonU^WÄ.^^V.-e-T^ 
■ ■•* .■■'■• • >• •    • »^■«Steftaft 

Mm MMtao Ml> to •bmr*' Mia» «T «••• «Mr 

prop«rtlt» (12) «ad (18)/ Th» piwf,.m§-^^luil^ ^^Wk 
of tb» «tapuUtjLoRtl iißer'tttm* it obtalniidi 1^ ooniitfudti^f. 
[B*]"1 froa IT1 uclfi| tht r«Utl«fii' 

-«<' 

^. 

(?3) PJ - ?i - (VVr • a ^ «•). 

. -■IT1 

whtr« pj li tht 1th row of (VJ"1. tb vritj  that (23) !• 

lnd««d th« Inttrs« 6f B#, out figttt frcp (£3) tlMtt for 1 / r "•*' 

th« valuti PjFj arm tti9  Ma« at Pk'« - • 0 (or 1 If 1 - k); 

moreover. It followt rtadllj froa tn« daflnltlont of v^ glvan in 

(20) that p*Fg - 1 and ß*ft - 0 for I ^ r. ^ 

Tha raqulrad propartlat of ß^ ar« Imaadlately avldant: ^ 

Thu«, the first non-zaro coapontnt uf ßr Is potltlva bacaiita ..- 

Pr hat this property and vp > 0. Mext, for ali other -TTL 

i) the property must hold If v1 < 0 alnce p^ la  ^rfj 

• *•£ 

•'; 

(1 - i. 2. 



the  aun  oT  two   /ect';rB  wlU.  this  prcpeity.     If  v,   ,> C  then 

p*  > C   by   (P2;  sni   (?3;.     Final Iv  we n  re  that  the reiatl.r. 

(^    v fj      ( inj   rr-'l ß ^  > £   )   ru.lJB  becaust-  2,   a   rvw  rf   t   r*. n- 

sln^. .xar -latrlx,   posseneeti  at   .eant  one non-zer    ocmpjr.en»   .md 

ß*   lb   Icrr.ed   Ly  pubtractln<i  frrm ß    a  vect'-r   (v /v   ,6    where 

v     >  -,   v     > C,   nence,   (i?)   he IOS  «nd   the  proof   le  c  mi .ete. 

N 

LXAMPLfc. 

Solve the  ^  t 6  game matrix M 

o 

5 

0 

7 

3 

4 6 

? 

6 

? 

? 

■ •'* It 

fr'". J.  D.  Wlillame'   Tfte  CoTipleal Strategyct,   Charter  3, 

Exercise   10,   [i] .     Element   U?1)     ^ M has  been staned.     It   mill 

tt  nottd   that   tnie   Is   tne maxima:   eierr.ent   In  the  first   column. 

For convenience,   belrw,   the  Sö.-oni  and   tnlrd   rows have  teen 

Inter'handed L.   that  this eiemenl  appenrt*   In  tr.e  hctt.om position 

<t  tnls   cvl.iT.n   ^n  forrr.lng  the  »i^r-entf»!  matrix,   \?^,   '" 

^iven  bei   w: 

r 

- L 

A 1 i 

1 5 .» 

} 6 

0 k ? 

X *r 
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Initial Iteration 

The Initial basis, B - Bo, consists uf Po, P., (P7 - ü^), 

(Pp ■ Up).  The Inverse of b, (given below) le (Jetennlned by 

f-nn«iia (15).  Trie entries v. shown, fur the moment, cann t Le 

Miled In ^nt'. 1 P. Is first -letermlned. 
9 

K\ e 0 Ü     -1 

^ 
1 0 U       0 

^ 
? i 0     -1 

h 6 0 1   -1 

v^   " 

V-    ■ 

6 

i 

13 

Next,   Pn  - P.  Is  determined ty 
S c 

ec1". - ßo?P • frl ßSs -ä >c 

3v.  tf.8t  tr.e entries v1   « fi^f^   (given above)  aan now  be computed.     N 

The  column r tc  be dropped from the  basis  Is detenalned by 

farming tt.e  lex le. graphic mlnlmam cf  the vectcrs.     See paragraph 2,J* 

l.v  Ö    - l/':/S2 -Mln  (iexlco.)   d/v^Pj 

Drop  col r  • 2;   1 .e. ,   P7 

st Iteration 

T-.e next  ; isls B#   - bi  la   >,.   PI .   ?^.   P^ .     To obtain  ^ /-f 

Ite  ir.vera«  set :    ßj  - ^ -   (VV^r'   (k ^ r)  and ^r "  ^^t^i 

••"    «V 

>W' .^vj/U? 



wh«r« r • 2 where tne »iperscrlpt   (in place of  •)  refers  to 

the  bbtlB B - V 

ti 
lb 
T- 

6 
""5 0 i 

^5 

"x1- ■ 
2 

1 

5 

c 

0 

* r 

1 
~ 5 

^. 

4 13 c 8 
r 

V 

•'o - - r 
V 

v5 "f 

.>v3 

where P    • P2  le determined by 

PO   8        ^0   ? «^5       -    J 

and  P, P. pk   Is determined  ty 

g^   ^Flnai)   Iteration 

B.: 

^o       Pi       P?       Fr 

-1 

-1 

-i Ü 

B -1 

'0 -4 
-■ft -^1 

ib 11 
56 

7 

16 
5B 

2 
3F 

2 
36 

^ vju 

I« 

• 

13 am 

■ 

fe.v 

.*-• J> i^-v 



- N' r<"VWt 

wnere ho P. can be dettrmlned  since AÄP« < 0 for j >  1.    Thu»     %J/l 

an   .ptlmal solution has been obtained  (from top row]  x«   * TC«*       ^k 

^ C) A «i . ».        »   A 16     ^ lb ' *1 
*2 * t5  '    x3 * f*' (from flrat column) y^  • ^ » Xg " v » % 

Jc ■ -tt    «"^ere all other y.   - C.    Tne  "vflue of the gaoe"  (from^/^ 

upper left' oorner)  1» x
0 • y0 • fr •   Jt ,,lli b# note* that .Aj 

2 ^ ^ actually 6£P.  - C for all J >  1,  wMoh means there exist other        :% 

bases and corresponding solutions.    Williams shows In ills book^ 

In all,  eight sjeh eolations. ** W 
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